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Abstract
It is highlighted by Prigogine that there are two additional universal behaviors asso-
ciated with the entropy production rate besides the four laws of thermodynamics. One is
that the entropy production rate decreases when the system approaches the steady state,
and the other is that the entropy production rate reaches its minimal value at the steady
state. Motivated by the black hole thermodynamics and AdS/CFT correspondence, we
resort to Raychaudhuri equation to prove that these two universal behaviors are also
obeyed by the black hole entropy. In particular, our result together with the four laws
of black hole thermodynamics further indicates that the holographic gravity should be
universal, not restricted only within the context of AdS/CFT correspondence.
1 Introduction
In 1973, Bardeen, Carter, and Hawking formulated the four laws of black hole mechanics, which
bear a strong resemblance to the ordinary laws of thermodynamics[1]. This close mathematical
analogy was at first conceived to be simply coincidental, however it soon become clear that
black holes do indeed behave as thermodynamic systems. The crucial step towards such a
perspective was Hawking’s remarkable discovery that quantum particle creation effects result
in an effective emission of particles from a black hole with a blackbody spectrum at the
temperature proportional to the surface gravity of black hole horizon as T = κ
2pi
[2]. Thus
the four laws of black hole mechanics, in essence, are nothing but a description of black hole
thermodynamics. In particular, the thermodynamic entropy of a black hole is given by the
Bekenstein-Hawking formula as S = A
4
with A the area of black hole horizon. Note that the
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entropy of an ordinary physical system is essentially the logarithm of the number of microscopic
states compatible with the observed macroscopic state, therefore the assignment of one quarter
of the area as the black hole entropy seems to indicate that holography is the fundamental
nature of gravity[3, 4]. The breakthrough towards such a holographic gravity was made in
1998 by Maldacena, who demonstrated that the bulk gravity in AdS is dual to the ordinary
quantum system on the boundary, where the entropy of boundary system is given by the bulk
black hole entropy[5]. This explicit implementation of holographic gravity is now dubbed as
AdS/CFT correspondence[6, 7].
With this in mind, one is tempted to expect that any universal law for the ordinary
physical systems should have its counterpart on the gravity side. In particular, as highlighted
by Prigogine, there are two other intriguing universal behaviors associated with the entropy
production rate for the ordinary physical systems. The purpose of this essay is to show that
these two universal behaviors are also obeyed by the black hole entropy. In the next section,
we shall review these two universal behaviors for the ordinary physical systems. Then using
Raychaudhuri equation, we shall prove the validity of such universal laws in the black hole
physics. We conclude this essay with some discussions in the end.
2 Prigogine’s Argument
The second law of thermodynamics states that in any physically allowed process the entropy
production rate is always non-negative, i.e.,
S˙ ≥ 0, (1)
where the dot denotes the time derivative. Furthermore, there is a general extremum principle
associated with the entropy production rate, namely the entropy production rate reaches its
mimimal value at the steady state, i.e.,
δS˙ = 0, δ2S˙ ≥ 0 (2)
for the steady state. The general formulation and the demonstration of the validity of this
principle is due to Prigogine. In addition, as the system approaches the steady state, the
entropy production becomes slower and slower, i.e.,
S¨ ≤ 0 (3)
near the steady state.
Eq.(2) and Eq.(3) are just the two additional universal behaviors regarding the entropy
production rate for the ordinary physical systems[8]. Note that both of them are concerned
with the entropy production rate near the steady state, so one can prove them by the linear
response theory. Specifically speaking, in the linear regime the entropy production rate is
given by the following formula
S˙ =
∫
Jk · Fk =
∫
LkjFj · Fk, (4)
where J are the currents and F are the forces, with the Onsager matrix L semi-positive in
accordance with the second law of thermodynamics. Whence we have
δS˙ =
∫
LkjδFj · Fk +
∫
LkjFj · δFk = 2
∫
Jk · δFk = −2
∫
Jk · ∇δfk
= −2
∮
n · Jkδfk + 2
∫
∇ · Jkδfk = −2
∮
n · Jkδfk − 2
∫
ρ˙kδfk = −2
∮
n · Jkδfk
(5)
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where we have used the Onsager reciprocal relation in the second step, the definition for the
forces F = −∇f in the third step, the continuity equation ρ˙+∇ · J = 0 in the fifth step, and
the definition for the steady state in the sixth step. So the variation of entropy production
rate vanishes at the steady state, i.e., δS˙ = 0 for an isolated system or an open system with
f fixed on the boundary. In this case, we further have
δ2S˙ = 2
∫
LkjδFjδFk + 2
∫
Jk · δ2Fk ≥ 2
∫
Jk · δ2Fk = 0 (6)
for the steady state. Regarding the second universal behavior, we have
S¨ = 2
∫
Jk · F˙k = −2
∫
Jk · ∇f˙k = −2
∮
n · Jkf˙k − 2
∫
ρ˙kf˙k = −2
∫
ρ˙kf˙k, (7)
Note that the variation of ρ is related to the variation of f by the Hessian matrix, which is
positive due to the thermodynamical stability. Thus we have
S¨ = −2
∫
Hkjf˙j f˙k ≤ 0. (8)
3 Raychaudhuri’s Intuition
Corresponding to Eq.(2) and Eq.(3), we are required to check whether
δA˙ = 0, δ2A˙ ≥ 0 (9)
are satisfied at the black hole stationary state, and whether
A¨ ≤ 0 (10)
as the black hole approaches the final stationary state. To this end, recall that the dynamics
of black hole event horizon is controlled by Raychaudhuri equation as follows[9]
lc∇cσˆab = −θσˆab + Ĉcbadlcld,
lc∇cθ = −
1
2
θ2 − σˆabσˆab −Rabl
alb = −
1
2
θ2 − σˆabσˆab, (11)
where we have used the vacuum Einstein equation with or without a cosmological constant in
the second step of the second equation, with σˆ the shear of the congruence of null geodesic
generators la and θ the expansion. It follows from the second Raychaudhuri equation that the
expansion θ ≥ 0 everywhere on the black hole horizon because the null generators can never
run into caustics[9]. By the identity θ = l
a∇aA
A
with A the local area element of black hole
horizon, we are thus led to the second law of black hole thermodynamics. In particular, for
a stationary black hole, Raychaudhuri equation further implies that that Ĉcbadlcld, σˆab, and θ
vanishes everywhere on the horizon.
Now the strategy for our proof is to perturb an initially stationary black hole and see
how it eventually settles down to another stationary black hole. To simplify our calculation,
we make use of the diffeomorphism freedom in identifying the perturbed spacetime with the
unperturbed background spacetime such that the corresponding null geodesic generators co-
incide with each other[10]. Thus the perturbed null geodesics can be expressed as la = la
0
+ ǫla
1
3
with la
1
∝ la
0
. Similarly, we can expand all geometric quantities such as the Weyl tensor as well
as the shear and expansion in terms of power series of ǫ as follows
Ccbad = C0cbad + ǫC1cbad + ǫ
2C2cbad + · · ·,
σˆab = σˆ0ab + ǫσˆ1ab + ǫ
2σˆ2ab + · · ·,
θ = θ0 + ǫθ1 + ǫ
2θ2 + · · ·. (12)
Plugging the above expansion into Raychaudhuri equation, and solving it order by order with
the vanishing boundary condition for all the quantities at a very late time1, we have
̂C0cbadl
c
0
ld
0
= 0, σˆ0ab = 0, θ0 = θ1 = 0, (13)
and
˙ˆσ1ab =
̂C1cbadl
c
0
ld
0
,
θ˙2 = −σˆ
ab
1
σˆ1ab ≤ 0, (14)
where the dot denotes the time derivative with respect to the affine parameter λ of the unper-
turbed null geodesic generators la
0
and σˆab
1
is obtained by raising σˆ1ab with the unperturbed
metric. Next plugging the perturbation expansion of the local area element of the black hole
horizon
A = A0 + ǫA1 + ǫ
2A2 + · · ·, (15)
into the aforementioned identity θ = l
a
∇aA
A
, we end up with
A˙0 = A0θ0 = 0,
A˙1 = A0θ1 + A1θ0 = 0,
A˙2 = A0θ2 + A1θ1 + A2θ0 = A0θ2 ≥ 0. (16)
The last two equations amount to saying that δA˙ = 0 and δ2A˙ ≥ 0 respectively, because A1 is
essentially the first variation of A, and A2 is one half of the second variation of A. In addition,
the third equation further gives rise to
A¨2 = A˙0θ2 + A0θ˙2 = A0θ˙2 ≤ 0, (17)
which fulfills the proof of Eq.(10).
4 Discussions
Motivated by the black hole thermodynamics and AdS/CFT correspondence, we have proved
that not only do the two universal behaviors apply to the ordinary physical systems but also
apply to the black holes. It is noteworthy that our result does not require the black holes
to be asymptotically AdS, which together with the four laws of black hole thermodynamics
suggests that the holographic nature of gravity is supposed to be universal, not restricted only
within the context of AdS/CFT correspondence. In addition, for simplicity, we just work out
the explicit strategy for the four dimensional neutral black hole, but nevertheless our proof
can be readily extended to more general cases such as charged or hairy black holes in arbitrary
dimensions.
1Here it is implicitly assumed that the black hole in consideration is dynamically stable.
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Here comes a remark on the differences between the ordinary physical systems and black
holes. For one thing, the validity of Eq.(8) relies on the thermodynamical stability of the
ordinary physical systems while the validity of Eq.(17) relies on the dynamical stability of the
black holes in consideration. Unlike the ordinary physical systems, the dynamical stability of
the black holes, however, does not generically imply the thermodynamical stability[11]. But
nevertheless our result applies to such black holes as the asymptotically flat Schwarzschild
black hole. For another, as shown for the ordinary physical systems, the two universal behav-
iors are associated only with the total entropy production rate rather than the local entropy
production rate, because the entropy can flow from one place of the system in consideration
to another. However, for the black holes, the two universal behaviors are actually valid not
only for the total area but also for the local area element. The reason for this may arise in the
fact that there is no causal signal transmittable from one null geodesic generator to another.
We conclude this essay with two outlooks. First, it is worthwhile to check whether the
two universal laws also hold for the non-Einstein gravity, because in this case, the black hole
entropy is not associated with the area of black hole horizon any more, instead given by
Wald formula[12, 13]. In addition, what we have achieved is actually associated only with the
equilibrium state of isolated black holes. However, as we know, the two universal laws also
hold for the non-equilibrium steady state of the ordinary open systems, so it is interesting to
develop the counterpart of such a non-equilibrium steady state on the gravity side and check
whether the two universal laws still survive.
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